This paper develops a model that explains land use, land prices, housing supply, and structural density, the last of which reflects the urban skyline. The model proves that structural density is a positive function of housing rent and lot size, but a negative function of interest rate and construction cost. Because of technological improvement, modern urban skyline has become steeper. The model also explains why the skyline is usually not smooth. This paper supplements the existing urban economics literature with the supply-side analysis.
1

WHY DOES URBAN SKYLINE LOOK IRREGULAR?
Consider a typical urban skyline as depicted in Figure 1 , where the vertical columns represent buildings. Some are high, some are low, and there is a trend but there are also some irregularities in between. There are also a large number of low-rise houses stretching to the city border, i.e. city sprawl. 1 This paper attempts to explain these observations. The height of the buildings in terms of number of floors will be called the structural density. It seems that there is no theory yet that directly explains such density.
<Insert Figure 1 Here>
In the existing literature, there are two similar definitions of urban density:
population density and floor area ratio.
Population density, first observed by Clark (1951) , does not reflect the urban skyline for two reasons. First, households tend to live in a denser environment around the CBD (central business district) in response to higher housing rent (Mills, 1976, p.225), so they do not need high-rise buildings. On the contrary, buildings around the CBD are predominantly occupied by commercial firms due to their budgetary advantage (O'Sullivan, 2000, p.225), so some high-rise buildings do not contain households. Hence, population density may be very different from structural density.
Floor area ratio (FAR), also known as the plot ratio, is defined as housing supply (Y) over lot size of the occupied land (L). FAR may also be different from structural density. For example, pyramidal buildings have a lower FAR though they are high in structural density, whereas cube-shaped buildings have a higher FAR though they are low in structural density.
FAR, perhaps, is a better approximation of structural density, but then an explanation for the housing supply is required. For that purpose, many urban economists, e.g. Mills (1976) , adopts the following production function: 1 The author is indebted to Stanley Longhofer for pointing out this linkage during the 2007 ARES conference.
where A stands for technology and K for capital. Profit maximization leads to the following supply function:
where i is the interest rate and R the land rent. Dividing Equation (2) by L, Mills then comes up with a gradient function that looks like the FAR measure.
Though it still reveals a positive supply relation, such a model has several problems. First, according to Equation (1), developers will substitute capital for land wherever land rent is higher (Muth, 1969, p.56; Mills and Hamilton, 1994) , 2 which implies that higher buildings occupy smaller lot sizes. This is of course exactly the opposite of the reality. Second, Equation (1) possesses constant returns-to-scale, which means that an equal proportional increase of land and capital will increase housing supply by the same proportion. In practice, on the same land doubling capital (in terms of number of floors) alone can double housing supply; no increase of lot size is needed. Obviously, constant returns-to-scale is not an appropriate form of production for housing development. Due to these two shortcomings, Equation (2) is not a correct function of housing supply, and the FAR so derived is invalid. 3 Even if FAR can be correctly measured, it takes on a constant gradient (Brueckner, 1982; Kim and McDonald, 1987) . Hence, it does not reflect the urban skyline in the real world, which does not have a smooth curve.
All in all, there seems to be a missing link between the various gradient functions and a realistic description of the urban skyline. This paper intends to bridge this gap by deriving an integrated model that can explain land use, land prices, housing supply, and, most importantly, by providing a direct explanation for the structural density.
I. The Model
If each floor has the same area and each unit of land the same usable rate, the supply of usable housing space (Y) will be the simple multiplication of land area (L) by the number of floors (F). To be more realistic, I assume the following combination:
where β is less than one, but α can be greater or less than one. I shall develop a gradient function for F with respect to (w.r.t.) distance from the city border, v. The reason behind this unconventional measure of distance will become evident after Equation (7) is derived. On the other hand, lot size should not have any gradient function.
Since the structure of a building, such as the walls and columns, takes up some otherwise usable housing space, a larger lot size can economize such structural parts and leave households or firms with a larger percentage of usable housing space. This is especially true for high-rise buildings, which require also staircases or elevators. A lot size too small will make such buildings practically useless. Hence, in terms of lot size, land contributes to usable housing space increasingly in marginal terms, i.e. α>1. Of course, there is a limit of lot size for such advantage, beyond that α may be smaller than one.
On the other hand, housing space naturally becomes smaller in higher floors, β<1, which is the technical reason for pyramidal buildings, although modern technology has also made such pyramids taller and squarer, i.e. β larger, but it must still be less than one. Implicitly technology is embodied in the input coefficients, α and β, so the technology parameter is dropped from Equation (3). Because of these inputs characteristics, the housing space production function should not have constant returns-to-scale.
Given this production function, a developer also faces the following profit consideration:
where p is the housing price, P the land price, c unit cost of construction, and
its total. The production of housing space incurs land and construction costs.
The marginal change of construction costs can be an increasing or decreasing function of F depending on technology, i.e. γ can be greater than or less than one. Construction costs are also directly proportionate to lot size. Because of the need to calculate the construction costs, number of floors is a more suitable and precise variable than the loosely defined capital. Profit is the difference between the sale proceeds and the total costs.
To pursue maximum profit, the developer will construct a building up to an optimal number of floors, which can be worked out from the differentiation of Equation (4) with respect to (w.r.t.) F and by setting the result to zero:
Figure 2 also illustrates this profit consideration, where the vertical axis measures the financial values, while the horizontal axis the structural density. The concave curve represents the proceeds from the sale of housing space, while the straight line passing through the origin the construction costs. The former is concave because β<1, whereas the latter is a straight line with the proviso that γ=1. Profit will be maximal at the point where the slope of the concave curve is the same as that of the cost line. Depending on the land price, the developer may reap a profit or loss, but the profit must be a maximum or the loss a minimum corresponding to F*. For a land price of OA, Figure 2 illustrates the case of zero profit. Although both lot size and land price are exogenous for developers, they can still choose by the profit rate among different parcels of land (similar to investment projects).
The substitution of Equation (5) into Equation (3) will produce the optimal housing supply, Y*, and its division by L a more suitable definition of FAR.
<Insert Figure 2 here> If housing prices increase after acquisition of the land, the developers can reap more profit by erecting a higher building, according to Equation (5), and as represented by a higher concave curve in Figure 2 . In the opposite situation, developers may see their profit reduced or loss enlarged. This is the speculative part of housing development.
By the same token, a change of the CBD also affects housing prices and hence speculators' profit. Lands, which become closer to the new CBD, will see their housing prices increase, buildings may eventually become higher, and the participating people will reap windfall gain. On the other hand, when an old CBD is deserted, housing prices there drop. Buildings there will become vacant and decay. The change of CBD and the rigidity of changing building density also contribute to the irregularity of the urban skyline, in addition to those to be mentioned shortly.
A Counter Example: Zoning Policy
To verify that F* is indeed the unique optimal solution, consider the case of a zoning policy. In such a case, the structural density is pre-determined, but not by the market. Suppose the density imposed by the zoning policy is F', and is greater than F*. 5 If the land price is represented by OB in Figure 2 , the profit is zero. The developer may reap more profit by constructing a smaller building down to F*, which is however not permitted under this policy. Though inefficient, zoning policy is usually imposed for considerations other than profit, e.g. environmental externalities or protection of historic values.
The Convergence Condition
The marginal cost of constructing higher floor has been assumed constant, i.e. γ=1. If it is increasing, γ>1, the cost line becomes convex, and F* will be smaller. In the opposite case, F* will be larger. Uniqueness of the solution still exists even if γ<1, as long as γ>β. The last condition means that the marginal cost of constructing higher floors must be eventually greater than the corresponding marginal benefit, or the building will be infinitely high. This will be called the convergence condition. If γ≥1 this condition is automatically fulfilled.
II. Properties of the Structural Density Function
Substituting the capitalized housing rent for the housing price, Equation (5) becomes:
Ceteris paribus, buildings command the highest number of floors in the CBD, where housing rent is also the highest. Since it is a function of housing rent, any factors that affect the rent will also affect this structural density, including distance from the city border, transportation costs, income, population, and even a change of CBD. This density also depends on the other factors contained in Equation (6) . Thus, a city also has higher buildings, if the accommodating lot size (L), and the supply elasticity (β) are larger, or if the interest rate (i), the cost elasticity (γ), and the construction unit cost (c) are lower. The lot size effect of course is subject to whether α is greater than one or not.
Obviously, this equation is a lot more informative than Equation (2).
Demand and Supply
It is reasonable to assume that buildings at the city border have only one floor. Letting 0 = v for the city border and setting 1 ) 0 ( * = F in Equation (6), the minimum housing rent is obtained:
Where there is only one floor, α, β and γ become irrelevant for they affect only the 6 Since α L is the land contribution to housing space, it is also measured by area. Therefore, higher floors. These parameters become equal to 1, and they along with L disappear from Equation (7). This minimum rent is then equal to the annualized unit cost of construction, ic. This result is more realistic than the agricultural rent used in most standard textbooks. The rent for the ensuing houses increases according to the rent gradient function:
Since it is the rent at the city border, rather than the rent at the CBD, that is explicitly determined, it is more reasonable to measure distance from the city border toward the CBD.
Though rent starts to increase from the city border, according to Equation (6) F* will remain less than 1 for some distance, as β<1, γ>1, and
. Thus, houses remain low-rise in a great distance from the city border, even if the lot size is large. This also explains the so-called urban sprawl (Brueckner, 2001; Colwell and Turnball, 2003) .
If the city population or businesses grow, housing rents will also increase. In particular, if the rent at the city border increases so much that, according to Equation (6), the buildings there should have more than one floor, then all city buildings will eventually become higher and the city border will be pushed outward until the new border satisfies Equation (7) again.
Higher income and lower transportation costs attract immigrants. That also results in a larger population, higher rents, higher buildings, and a bigger city. The contrary is also true, though it is more rigid to make buildings lower. Thus, structural density is the result of market demand and supply.
The Urban Skyline
Since structural density is a function of housing rent, a gradient of the structural density can also be derived from Equation (6) to be:
Accordingly, this gradient is also positive, as long as γ>β. This is the convergence condition already proved above. It will also be greater than the housing rent gradient if γ-β<1. Again, modern technology has made the last condition more easily fulfilled, and modern skyline has become steeper.
The gradient of Equation (8) is constant on the basis that the remaining factors in Equation (6) are also constant for all locations. That may be true for most of them, but not for lot size. If this factor is not constant, the urban skyline may no longer be smooth. For example, in a location near the CBD where the housing rent is high, but the land parcel is too small that only a small building is worth being constructed. On the contrary, a relatively higher building may appear close to the city border where housing rent is low, for it commands a larger lot size.
Let me illustrate the impact of lot size on the structural density gradient in the following simulations. Given α=1. 4 according to Equation (8), the gradient of the structural density is: F* v /F*=10%. Figure  3 reveals the smooth urban skyline worked out according to Equation (6).
<Insert Figure 3 Here>
Next, for the same parameters except that L is a random number between 0.2 and 1.0, the irregular skyline results as already depicted in Figure 1 .
Thus, the urban skyline along with its irregularity is explained. In particular, this irregularity is not the result of random errors.
Land Price
The vertical distance between the two cost lines in Figure 2 measures the land price, which reaches its maximum when the total cost line is tangent to the concave curve, as marked by OA. This highest land price can also be obtained by setting Equation (4) equal to zero:
After substituting the solutions for Y* and F*, it becomes: , else land price will be negative. This proviso is fulfilled by the convergence condition. On the other hand, the optimal land price will be a positive, a constant, or a negative function of lot size depending on whether α>1, α=1, or α<1.
A gradient function for the land price is also obvious from this equation. Like the structural density gradient, this gradient can also be irregular.
III. Conclusion
This paper fills a vacuum in the urban economics literature: the supply side of the housing market.
The existing literature is overwhelmingly dominated by theories of housing demand, such as the various rent gradient functions and the bidding among themselves. Housing supply is assumed unlimited (Alonso, 1964) . 7 The resulting bid-rent gradient is even mistaken for market equilibrium. The attempt by Mills and many others to include housing supply is primarily aimed at explaining population density, which is also a demand function, albeit a macro one.
In contrast to conventional continuous theoris, the present model also allows irregularity. 
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